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Abstract
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ment game: Set-wise stability and Core. We establish that the Set-wise stable set is contained in the Core
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sults for replicated markets. First, the Set-wise stable set of a two-fold replicated market already coincides
with the set of competitive equilibrium payoffs. Second, the sequence of Cores of replicated markets con-
verges to the set of competitive equilibrium payoffs when the number of replicas tends to infinity. Third, for
any number of replicas there is a market with a Core payoff that is not a competitive equilibrium payoff.
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1. Introduction

We study two cooperative solutions for a class of markets with indivisible goods modeled
as generalized assignment games. Shapley and Shubik [11] defined an assignment game as a
market where each seller owns one indivisible object and each buyer, who wants to buy at most
one object, has valuations over all objects. An assignment is a description of deliveries of objects
from sellers to buyers and a price vector is a list of prices, one for each object. A competitive
equilibrium of a market is a price vector and a feasible assignment at which each seller maximizes
revenues, each buyer maximizes net valuations, and markets clear. Shapley and Shubik [11]
showed that the set of competitive equilibria is non-empty, competitive equilibrium assignments
are optimal (the first welfare theorem holds), any optimal assignment is part of a competitive
equilibrium with any of the competitive equilibrium price vectors (a strong version of the second
welfare theorem holds without requiring any redistribution of the initial endowments), and the set
of competitive equilibrium payoffs coincides with the Core of a naturally associated TU-game
(no enlargement or replica of the market is required for their coincidence).

We consider a generalized assignment game representing a market with a given number of in-
divisible units of different goods, where sellers may own different units of each of the goods and
buyers, who may want to buy several units of different goods up to an exogenous total amount,
have constant marginal valuations of each good. Jaume, Massd, and Neme [5] extend Shapley
and Shubik’s [11] results for this generalized assignment game. In particular, they show that the
set of competitive equilibria is non-empty, it is the Cartesian product of the set of competitive
equilibrium price vectors and the set of optimal assignments, the set of competitive equilibrium
price vectors has a lattice structure with the natural partial order of vectors > “to be larger or
equal than”, and this lattice structure is partly translated in a dual way to the sets of buyers and
sellers’ utilities that are attainable at competitive equilibria.

In this paper we study two different cooperative solutions for this class of markets and their
relationship with the set of competitive equilibrium payoffs. The two solutions differ on how a
coalition of buyers and sellers can block a proposed payoff vector. Given an assignment and a
coalition of buyers and sellers, some of them may be buying or selling some units of some goods
to sellers or buyers outside the coalition. The notion of the Core corresponds to the notion of
blocking that requires that all members of the coalition have to break all exchanges performed
with all agents outside the coalition and buy or sell only with members within the coalition.
In contrast, the concept of Set-wise stability corresponds to the notion of blocking that admits
that members of the coalition may completely or partly keep their exchanges performed with
non-members.

The Set-wise stability notion is closer to the already well established notion of stability applied
to ordinal many-to-one matching models. For instance, Roth and Sotomayor [10] analyze this
model and its applications to college admission problems and to labor markets for medical interns
assuming that a hospital in a blocking coalition can maintain its relationships with interns outside
the coalition. There is no reason to expect that the hospital, in order to make an offer to a doctor
in the blocking coalition, will have to cancel the contracts it has with other doctors it has been
already assigned to.

Since Set-wise blocking is easier than Core-wise blocking, the Set-wise stable set is a subset of
the Core. We show here that the non-empty set of competitive equilibrium payoffs is contained
in the Set-wise stable set. Hence, the Set-wise stable set as well as the Core are non-empty.
Moreover, we exhibit a simple market showing that these inclusions may be strict.
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The main contribution of the paper is to answer affirmatively the following question. Do the
Core and the Set-wise stable set converge to the set of competitive equilibrium payoffs when
the market becomes large? The question is relevant because competitive equilibrium requires
price-taking behavior which only makes sense when individual quantity decisions are perceived
by each agent as being negligible. To create a setting where price-taking behavior is meaningful
we follow the well established tradition in Economics to enlarge the environment by replicating
the market. We first show that the Set-wise stable set already coincides with the set of compet-
itive equilibrium payoffs for a two-fold replicated market (Theorem 1). We also show that the
Core converges to the set of competitive equilibrium payoffs when the number of replica tends
to infinity (Theorem 2). Finally, we show that for any number of replicas there is a market with
a Core payoff that is not a competitive equilibrium payoff (Theorem 3). Thus, the notion of Set-
wise stability is much closer (not only in terms of set-wise inclusion) to competitive equilibrium
than the notion of Core.

There are many other papers that recently have studied the relationship between the set of
competitive equilibrium payoffs and alternative cooperative solutions in many-to-one or many-
to-many generalizations of Shapley and Shubik’s [11] assignment game. Sotomayor [12,13]
study a many-to-many assignment game with two finite and disjoint sets of agents. Each agent
from each side can form a maximal number of partnerships with the agents from the other side.
Each partnership generates a total payoff that may be shared by its two members. Observe that in
this extension partnerships are binary; specifically, if a buyer and a seller form a partnership they
can exchange just one indivisible unit of the good held by the seller. Sotomayor [12] proves that
all pair-wise stable assignments are optimal and Sotomayor [13] shows that the set of pair-wise
stable payoffs has a complete and dual lattice structure. Sotomayor [14] proposes the notion of
Set-wise stability for the former model and shows that the pair-wise stable set (which may be
empty) is a subset of the Core. Camifia [1] studies a market with one seller, who owns a given
number of (potentially) different objects, and several buyers who want to buy at most one object.
She shows that the Core and the Set-wise stable set coincide, the set of competitive equilibrium
payoffs is non-empty and it is a subset of the Core. Moreover, she shows that the Core has a
complete lattice structure with the partial order coming from comparing buyers’ payoff vectors
with the partial order > and this structure is not dual.

Sotomayor [15] studies a generalized assignment game similar to ours but with two important
differences: (i) sellers only own units of a unique good and each good is only owned by a partic-
ular seller and (ii) buyers may want to buy several units but partnerships are also binary because
buyers are not interested in buying more than one unit from each seller. She shows that the set
of competitive equilibrium payoffs is a non-empty, complete and dual lattice. Sotomayor [16,17]
extends Sotomayor [12,13] and consider a time-sharing assignment game where both buyers and
sellers own a fixed amount of a divisible good (labor time) and to form a partnership a buyer
and a seller have to agree to contribute each with the same amount of labor time and to share,
in a particular proportion, the amount of money that is proportionally obtained from the jointly
contributed amount of labor time. Sotomayor [16] studies different solution concepts for differ-
ent kinds of coalitional interactions. In particular, she shows the inclusion relationships that hold
among the non-empty sets of competitive equilibrium payoffs, the Core, the Set-wise stable set,
the Strong stable set and the set of dual allocations. Moreover, she also shows that some of these
sets have a lattice structure. Sotomayor [17] analyses the relationship between the competitive
equilibrium solution and a cooperative notion similar to Set-wise stability that differs from ours
because agreements with non-members are rigid since they are nullified once any of its terms is
changed. Moreover, Sotomayor [ 17] studies the algebraic structure of these sets. Klaus and Walzl
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[7] study several notions of Set-wise stability for the ordinal many-to-many matching model with
contracts under different preference restrictions.

Milgrom [8] introduces and studies the space of assignment messages to investigate (and
solve) the difficulty that agents face when reporting their “types” (or valuations of goods, or
sets of goods) in some mechanism design settings. The model is very general and contains as
particular cases multi-unit auctions (with substitutable goods), exchange economies, and integer
assignment games. Milgrom [8] focuses on the study of the non-emptiness of the set of compet-
itive equilibrium prices and its lattice structure but he does not analyze any cooperative solution.
Jaume, Mass6, and Neme [5] study using linear programming the same model than the present
one but they only focus on the study of the Cartesian product and lattice structures of the set of
competitive equilibria and the corresponding sets of agents’ utilities.

The paper is organized as follows. In Section 2 we define a market. In Section 3, and closely
following Jaume, Mass6, and Neme [5], we define a competitive equilibrium of a market. In
Section 4 we first present the notion of Set-wise stability and show that the Set-wise stable
set contains the non-empty set of competitive equilibrium payoffs. We define, for any positive
integer p, a p-fold replica of a market and show in Theorem 1 that the Set-wise stable set of a
two-fold replicated market already coincides with the set of competitive equilibrium payoffs. We
then present the notion of Core and show that it contains the set of Set-wise stable payoffs and in
Theorem 2 we show that the limit of the sequence of the Cores of replicated markets coincides
with the set of competitive equilibrium payoffs when the number of replicas tends to infinity.
Finally, in Theorem 3 we show that for any number of replicas there is a market with a Core
payoff that is not a competitive equilibrium payoff. In Section 5 we discuss our main result and
finish with final remarks. Appendix A at the end of the paper collects the proofs that have been
omitted in the main text.

2. Preliminaries

A generalized assignment game (a market) consists of three finite and disjoint sets: the set
B={1, ..., B} of buyers, the set G = {1, ..., G} of goods, and the set S = {1, ..., S} of sellers. We
denote a generic buyer by i, a generic good by j, and a generic seller by k. Buyers have a constant
marginal valuation of each good. Let v;; > 0 be the monetary valuation that buyer i assigns to
each unit of good j; namely, v;; is the maximum price that buyer i is willing to pay for each
unit of good j. Denote by V = (vij) j)eBxg the matrix of valuations. We assume that buyer
i € B can buy at most d; € Z\{0} units in total, where Z is the set of non-negative integers.
The strictly positive integer d; should be interpreted as a capacity constraint due to limits on i’s
ability for storage, transport, etc. Denote by d = (d;);<p the vector of maximal demands. Each
seller k € S has g € Z4 indivisible units of each good j € G. Denote by Q = (gj1)(j,k)eGxS
the capacity matrix. We assume that there is a strictly amount of each good; namely,

for each j € G there exists k € S such that g j; > 0. (D

Let rj; > 0 be the monetary valuation that seller k assigns to each unit of good j; that is, r i
is the reservation (or minimum) price that seller & is willing to accept for each unit of good j.
Denote by R = (r1)(j k)egxS the matrix of reservation prices.

A market M is a 7T-tuple (B, G, S, V,d, R, Q) satisfying condition (1). Shapley and Shubik’s
[11] (one-to-one) assignment game is a special case of a market where each buyer can buy at
most one unit, there is only one unit of each good, and each seller only owns one unit of one
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of the goods; i.e.,di =1foralli € B, G =S, and for all (j,k) € G xS, gjx =11if j =k and
qjk =0if j #k.

An assignment for market M = (B,G,S,V,d, R, Q) is a three-dimensional integer matrix
(i.e., a 3rd-order tensor) A = (A;jr) i, j k)eBxGxS € ZEXGXS describing a collection of deliveries
of units of the goods from buyers to sellers. Each A;j; should be interpreted as “buyer i receives
Ajjk units of good j from seller k.” We often omit the sets to which the subscripts belong to
and write, for instance, »;;, Aijx and Y A;ji instead of ;. 1 cpygxs Aijk and Y Aiji,
respectively.

The assignment A is feasible for market M = (3, G, S, V,d, R, Q) if each buyer i buys at
most d; units and each seller k sells at most g j units of each good j. We are only interested on
the following set of feasible assignments

{AEZTGMWE:MM§¢ﬂMMUEBMME:MﬂSqMﬁHMMLHGQXS}

jk i
Foreach (i, j,k) e Bx G x S, let
o v,-j—rjk iquk>0
Wk—{o if g5 =0 @)

be the per unit gain from trade of good j between buyer i and seller k. If seller £ does not have
any unit of good j the per unit gain from trade of good j with all buyers is equal to zero. The
total gain from trade of market M = (B,G,S,V,d, R, Q) at assignment A is

T™(A) = Zfijk “Ajjk.
ijk

Definition 1. A feasible assignment A is optimal for market M = (B,G, S, V,d, R, Q) if, for
any feasible assignment A, T¥ (A) > TM(A").

Let F be the set of all optimal assignments for market M = (B,G, S, V,d, R, Q). The set
F is always non-empty. Denote by T the total gain from trade of market M at any optimal
assignment.

3. Competitive equilibrium
3.1. Definitions and preliminaries

We define a competitive equilibrium of market M = (B,G,S,V,d, R, Q) by following
Jaume, Massé and Neme [5]. Assume buyers and sellers trade through competitive markets.
That is, there is a unique market (and its corresponding unique price) for each of the goods and
buyers and sellers are price-takers. Given a price vector p = (p;) jeg € R_C,f sellers supply units
of the goods (up to their capacity) in order to maximize revenues at p and buyers demand units
of the goods (up to their maximal demands) in order to maximize the total net valuation at p.

Supply of seller k: For each price vector p = (p;)jeg € Rg, seller k supplies of every good j
any feasible amount that maximizes revenues; namely,

I See Milgrom [8] for a proof of this statement in a more general model. See Jaume, Mass6 and Neme [5] for a proof
of the statement using only linear programming arguments in the same model as the one studied here.
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{qx} if pj>rjk
Sik(pj)=1310,1,...,q} ifpj=rj 3)
{0} if pj <rji.

To define the demands of buyers we need the following notation. Let p € Rﬁ be given and
consider buyer i. Let

V7 ={jeg|vj—p;=max(vy - p;}>0] @)
j'€eg

be the set of goods that give to buyer i the maximum (and strictly positive) net valuation at p.
Obviously, for some p, the set V7 (p) may be empty. Let

VE(p)={J €[ vy~ pj = maxtuy — pj) 2 0] (5)
J

be the set of goods that give to buyer i the maximum (and non-negative) net valuation at p.
Obviously, for some p, the set Vl.2 (p) may also be empty. Obviously, for all p € R_Cﬁ and all
ieB,

V7 (p) S V7 (p). ©)

Demand of buyer i: For each price vector p = (p;) jeg € Rg, buyer i demands any feasible
amounts of the goods that maximize the net valuations at p; namely,

Di(p) = {a = @j1)(jbegxs € 2975 | (D.a) aji > Oforall (j,k) € G x S,

(D.b) Y aj <dj,
jk
(D.c) V7 (p) 0 = Za,k =d;, and
jk
(Dd) Y aj>0=je Vf(p)}.
k

Thus, D;(p) describes the set of all trades that maximize the net valuation of buyer i at p.
Observe that the set of trades described by each element in the set D;(p) give the same net
valuation to buyer i; i.e., i is indifferent among all trade plans o € D;(p).

Let A be an assignment and let i be a buyer. We denote by A(i) = (A() k) (j kegxs the

element in Z9*S such that, for all (j, k) € G x S, AGi) jx = Aijk.

Definition 2. A competitive equilibrium of market M = (B,G,S,V,d, R, Q) is a pair (p, A) €
R$ x Z_’EXGXS such that A is a feasible assignment and:

(E.D) for each buyeri € B, A(i) € D;(p);
(E.S) for each good j € G and each seller k € S, )", Aijk € Sjk(p;).

The vector p € sz is a competitive equilibrium price of market M = (B, G, S, V,d, R, Q) if
there exists a feasible assignment A such that (p, A) is a competitive equilibrium of market M.
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Let P be the set of competitive equilibrium prices of market M. The set P is always non-empty.”
For further reference, we state this fact without proof as a remark below.

Remark 1. The set of competitive equilibrium prices of any market is non-empty.

Moreover, by Proposition 4 in Jaume, Massé, and Neme [5], the set of competitive equilibria
has a Cartesian product structure. We also state this fact without proof as a remark below.

Remark2.Let M = (B,G,S,V,d, R, Q) be amarket. Then, (p, A) is a competitive equilibrium
of M ifandonly if peP and A € F.

3.2. The set of competitive equilibrium payoffs

Let p € Rﬁ be a price vector and A a feasible assignment of market M = (B,G,S,V.,d,
R, Q). We define the utility of buyer i € BB at the pair (p, A) as the total net gain obtained by i
from his exchanges specified by A at price p. We denote it by u;(p, A); namely,

ui(p, A) = Z(Uz’j = pj) - Aijk.
ik
We define the utility of seller k € S at the pair (p, A) as the total net gain obtained by & from his
exchanges specified by A at price p. We denote it by wi(p, A); namely,

wi(p, A) =Y _(pj —rjx) - Aijk-
ij
Given (p, A), denote by u(p, A) = (u;(p, A));ep and w(p, A) = (wr(p, A))res the vector of
buyers and sellers’ utilities at (p, A), respectively. Let

CE = {(u, w) e R® x RS | there exists (p, A) € P x F s.t. (u, w) = (u(p, A), w(p, A))}

be the set of competitive equilibrium payoffs of market M = (B,G,S,V,d, R, Q). However,
competitive equilibrium payoffs are independent of the particular optimal assignment. To see
that, define the mappings of per-unit gains y(-) : Ri — REand () : Rﬁ — RGE*S as follows.
Let p Rf be given. For each i € 3, define

. Jvij—p; ifthereexists j € V7 (p)
vi(p) = { 0 otherwise, 0
and for each (j, k) € G x S, define
) _ pj—rjk ifpj—rjk>0
7jk(p) = { 0 otherwise. ®)

The number y;(p) is the gain obtained by buyer i from each unit that he wants to buy at p (if
any) and the number 7 j;(p) is the profit obtained by seller k from each unit of good ; that he
wants to sell at p (if any).

2 For the proof of this statement in a more general model see Milgrom [8], and for a proof in our setting using only
linear programming see Jaume, Mass6é and Neme [5].
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Let p € P be a competitive equilibrium price of market M = (B,G, S, V,d, R, Q) and let
(y(p), m(p)) be its associated per unit gains. Define (u(p), w(p)) € R? x RS by setting

u;(p)=d; -y;(p) forallieB and

wk(p):quk~njk(p) forallk € S. 9
jeg
By Lemma 6 in Jaume, Massd, and Neme [5], the set of competitive equilibrium payoffs of
market M can also be written as

CE= {(u, w) e RE x RS ‘ there exists p € P such that (u, w) = (u(p), w(p))}; (10)

that is, the set of competitive equilibrium payoffs of market M can be described without explicitly
referring to any particular optimal assignment because, for all A € F, u;(p, A) = u;(p) for all
i €Band wi(p, A) = wi(p) forallk € S.

4. Cooperative solutions

In the next two subsections we study two alternative cooperative solutions for market M.
They differ on how a coalition (a subset) of agents can block a proposal of how to distribute
among all agents the total gain from trade obtained at any optimal assignment. The Core assumes
that members of a blocking coalition can only form partnerships among themselves and have to
break all former partnerships with non-members. Set-wise stability allows members of a blocking
coalition to keep or reduce their former exchanges with members outside the blocking coalition.
Thus, Set-wise blocking is easier than Core-wise blocking. It seems to us that Set-wise stability
is also a more reasonable solution for this class of markets. Our results will indicate from two
points of view that Set-wise stability is closer to the set of competitive equilibrium payoffs than
the Core is: (i) (set inclusion) closer and (ii) the set of Set-wise stable payoffs and the set of
competitive equilibrium payoffs already coincide in a two-fold replicated market.

4.1. Set-wise stability

The notion of Core-blocking requires that all members of the blocking coalition have to give
up all previous exchange agreements with non-members. However this may be too drastic be-
cause, in some circumstances, it is reasonable to let members of the blocking coalition to keep
some (or all) previous exchanges with members outside the blocking coalition. This stronger
notion of blocking gives rise to the notion of Set-wise stability.3 Let M =(B,G,S,V,d,R, Q)
be a market and let C € B U S be a coalition. Denote the subsets of buyers and sellers in C by
B¢ =CNBand S =C NS, respectively.

3 Sotomayor [14] defines and studies this concept for a generalization of Shapley and Shubik’s [11] assignment game.
See also Sotomayor [15-17] for an analysis of Set-wise stability in her time-sharing assignment games. Klaus and
Walzl [7] have studied Strong and Set-wise stability for an ordinal many-to-many matchings model with contracts under
different preference restrictions. Our notion of Set-wise stability as well as Klaus and Walzl’s [7] stability notions are
natural extensions of the concept first defined by Sotomayor [14]. The main difference between our notion and Klaus
and Walzl’s [7] notions is that ours applies to a transferable utility setting while theirs apply to an ordinal setting. This
is important when checking the profitability of a deviating coalition; for the transferable utility setting utilities of all
members in the coalition are added while in the ordinal setting all members of the blocking coalition have to receive (in
ordinal terms) a better (for Strong stability) and individually rational (for Set-wise stability) set of contracts.
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Deﬁni}jon 3.Let M =(B,G,S,V,d, R, Q) be amarket and C be a coalition. A feasible assign-
ment A for market M is SW-compatible with C if there exists an optimal assignment A € F such
that:

(1) Foreveryi e B¢ A,jk > () implies that either k € SC orelse A,/k < Ajjk.
(ii) For every k € S¢ A,]k >0 1mphes that either i € BC or else Aljk <Ajj.
(iii) Foreveryi ¢ B¢ and k ¢ SC, Auk =0 forevery j €G.

We want to emphasize that the definition of SW-compatibility allows to reallocate in any
way the amount of the goods exchanged between a buyer and a seller if they both belong to the
coalition but only to keep or decrease their exchanges if one is a member of the coalition and the
other is not.

Let M = (B,G,S,V,d,R, Q) be a market. A three-dimensional matrix I’ =
(T3jk) i, j k) eBxGxS s a distribution matrix if for all (i, j, k) € B x G x S such that vj; > rj,
it holds that v;; > Ijjx > rjr. Let I' be a distribution matrix and assume v;; > rjx for some
(i, j,k) € Bx G x S. Then, I'}j; describes a way of how buyer i and seller k could split the gain
v;j — 1 jx that they would obtain from trading one unit of good j: buyer i receives v;; — I';jx and
seller k receives Ij; — rj. If v;j < rji then the value I7j; will be irrelevant because i and k do
not trade good j at any optimal assignment. Observe that a distribution matrix is not necessarily
anonymous because a buyer can obtain different per unit gains from buying good j from two
different sellers, and vice versa.

Definition 4. A payoff (u,w) € RE x RS for market M = (B,G,S,V,d,R, Q) is not
SW-blocked if there exists a distribution matrix I" = (I3;1), jkeBxGxS such that for every
coalition C C BUS and every feasible assignment A that is SW-compatible with C, we have that

Duit Y wp = > Tijk - Aji + > (ij — Tije) - Aiji

ieBC keS€ (i,j,k)eBCxGxSC€ (,j,k)eBCxGx(SC)¢
+ Z (Fijk = rji) - Aijk
(i,j.k)e(BC)c xGxSC
=¢MC, A, )"

A payoff (u, w) € RE x RS is not SW-blocked if there is a set of exchanges between buyers
and sellers (the optimal assignment A in Definition 3) and a set of agreements on how to share
the per unit gains from trade (the distribution matrix I") such that no coalition of agents, indepen-
dently of the agreements they have with non-members, can jointly obtain a strictly higher payoff
by reassigning their exchanges among themselves and by keeping or reducing their exchanges
with non-members. Observe that by letting C=BUS, Y, zui + Y res Wi = T'™. That is,
agents can optimally achieve (u, w) in a way that is immune to deviating coalitions. Finally, a
payoff vector is Set-wise stable if it cannot be SW-blocked.

Definition 5. A payoff (u, w) RE x RS for market M = (B,G, S, V,d, R, Q) is Set-wise stable
if it is not SW-blocked.

4 Given a set X we denote its complementary set by X¢. The reader should not be confused with this notation when

the set X is either BC or SC, whose complements are denoted by (BS)¢ and (S€)°, respectively.
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Denote by SW the set of Set-wise stable payoffs of market M = (B,G, S, V,d, R, Q). When
we want to emphasize market M we write SW . The set of competitive equilibrium payoffs is
contained in the set of Set-wise stable payoffs.

Proposition 1. Let p € P be a competitive equilibrium price of market M = (B,G,S,V,d,
R, Q). Then, (u(p), w(p)) € SW.

Proof. See Appendix A. O

The idea of the proof is as follows. Assume p € P and (u(p), w(p)) ¢ SW. This means that
every distribution matrix I” has a SW-block. In particular, we consider one of the SW-blocks
of the anonymous distribution matrix p (i.e., for all j € G, p; = Fﬂ-k = Iy jp for all i, i’ k
and k). Hence, there exist a coalition C and a feasible assignment A, SW-compatible with C,
such that C can obtain a strictly larger payoff. The key step of the proof is to construct from
A a reduced market M by keeping fixed and excluding from M the exchanges specified by A
between a member of C and a non-member of C. Namely, the maximal demand d; of every buyer
i in the blocking coalition is reduced by the number of units that i buys to sellers outside the
coalition. The maximal capacity gx of each good j owned by every seller k in the blocking
coalition is reduced by the number of units of good j that k sells to buyers outside the coalition.
Then, although tedious, it only remains to be shown that the Strong Duality theorem of Linear
Programming is violated (see Appendix A at the end of the paper), a contradiction.’

Remark 1 and Proposition | above say that

@ #CECSW. (11)

Example 1 below shows that the inclusion in (11) may be strict because there exist markets with
a payoff (u, w) e SW\CE.

Example 1. Let M = (B,S,G, V,d, R, Q) be a market where B = {b, by}, G = {g1, g2}, S =
{s1} (e, B=G=2and S=1),V=(}7).d=(2.3), R=(4,2),and Q = (4, 1). The unique

optimal assignment of market M is A = ( ; (1)) and

TY(A) = (i1 —r11) - A+ (Vi2 = r21) - A + (V21 — 711) - Aain + (22 — 121) - Ao
=8-4)-1+4-2)-1+48-4-3+(1-2)-0
=18.
It is easy to see that the set of competitive equilibrium prices of market M is P = {(p1, p2) €
Ri |2 < pp <4 and p; = pr +4}. For every p € P, the per-unit gains are
Y1(p) =8 — p1 =4 — ps,
y2(p) =8 — p1,
miu(p)=p1—4, and
m1(p) = p2—2.

5 or equivalently, we reach the conclusion that coalition C in market M Core-blocks (u(p), w(p)), a contradiction
since, as we will see in the next subsection, competitive equilibrium payoffs cannot be Core-blocked.
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Moreover u1(p) =2-y1(p) =16 —2p1,uzr(p) =3-y2(p) =24—-3prand w1 (p) =4 -711(p) +
1-m1(p) =5 p1 —22. The set of competitive equilibrium payoffs is

CE:{(M],uz,wl)GRiiul =16—2p1,u2=24—3p1,w1 =5p1 — 22 and
6 < p1 <8}.

Consider the vector (u1, uz, wi) = (%, 5, E). It is immediate to see that (%1, 5, ﬁ) ¢ CE be-
cause uj; = % implies p; = % and uy =5 implies p; = 19/3. To see that (H, 5, 5) e SW

19
I 1"121)=(?2
Iy Iy 13_92

cannot SW-block (13—1, 5,28)) and A = (% 8). Observe that A is SW-compatible with C. Then,

consider I' = ( ), C = {b1, s1} (it is immediate to see that the other coalitions

—~ ~ 19 38
13> 7nAn + (ann —ri)Azn =42+ ?—4 ~2=?
and for any other different assignment A’ that is SW-compatible with C,

13 > 1'111A/111 + (I — rll)A/le'

Hence, (%, 5.3y esm\cE. o

Competitive equilibrium presupposes that agents are price-takers. This assumption makes
sense only when the number of agents is large and individual quantity decisions are insignificant.
Thus, and at the light of @ £ CE C SW, itis natural to ask whether the set of Set-wise stable pay-
offs and the set of competitive equilibrium payoffs are approximately the same when the number
of agents becomes large. To enlarge the market, we follow a procedure with a long tradition in
Economics which consists of replicating the market.® Given a market M = (B,G, S, V,d, R, 0)
and a strictly positive integer p we will consider the p-fold replicated market pM to be com-
posed of p agents of each type. For two buyers iy, € B, and iy € By (in replicas « and o/,
respectively) to be of the same type we require them to have the same valuations of all goods
(i.e., Viyj = Vi, j = vij for all j € G) and the same maximal demands (i.e., d;, = d,-a, =d,;). For
two sellers k, € Sy and ko € Sy (in replicas @ and o', respectively) to be of the same type
we require them to have the same reservation prices of all goods (i.e., rji, = Tiky =Tjk for all
J € §) and the same amounts of all goods (i.e., gk, = qjk, = qjk forall j € G).

Our main result of the paper states that the Set-wise stable set of the 2-fold replicated market
has the equal treatment property (all replicated agents receive the same payoff) and coincides
with the set of competitive equilibrium payoffs.

6 1t started by Edgeworth [4] and pursued by Debreu and Scarf [3] for classical economies with production and by
Owen [9] for linear production games, among others. A linear production game consists of a set of players, each with
an endowment (non-necessarily integer valued) of m goods that can only be used to produce in a linear way units of p
different goods for which there are competitive markets. Owen [9] shows that the sequence of Cores of replicated linear
production games converges to the set of competitive equilibrium payoffs. Moreover, Owen [9] also shows that if the
competitive equilibrium price is unique then the Core of a large but finitely replicated game coincides with the (unique)
competitive equilibrium payoff. See also Kaneko and Wooders [6] and Wooders [18-20] for Core convergence results
for games (with and without side payments) and markets.
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Theorem 1. Let (u, w), (i, w) € Rf X Ri be two payoff vectors of market M = (B,G,S,V,d,
R, Q). Then,

((u, w), (@, w)) e SW*™M ifand only if (u,w) = (i1, W) € CE.
Proof. See Appendix A. O

The idea of the proof is as follows. Fix amarket M = (B, G, S, V,d, R, Q). First, by Lemma 2
in Appendix A, we show that for any replica a Set-wise stable payoff has the equal treatment
property: all agents of the same type receive the same payoff (this is a classical property that
also holds for the Core of replicated markets). Second, by definition, a Set-wise stable payoff
(u, w) can be obtained by a set of trade agreements that are SW-unblocked; that is, there exists a
distribution matrix I" such that no coalition C can SW-block (u, w) because

dui+ Y we=¢M(C.A D), (12)
ieBC keS¢

where A is SW-compatible with C. Third, and as a consequence of Lemma 4 in Appendix A, we
show that one of the unblocked set of trade agreements (described by a distribution matrix I") is

anonymous because there exists p = (p;) jeg such that for all j € G, p; = I} for all (i, k) €
B x & and I' can be replaced by p in condition (12); namely,
Y ouit+ Y we=¢M(C A p). (13)
ieBC keS¢

Fourth, for any payoff vector (u,w) in market M with the property that the payoff vector
((u, w), (u, w)) is a Set-wise stable payoff of the two replica market 2M, the vector p that
satisfies condition (13) is a competitive equilibrium price of market M. Finally, in Lemma 6 in
Appendix A, we show that if a payoff vector (1, w) satisfies condition (13) for a competitive
equilibrium price vector p then (u, w) is a competitive equilibrium payoff of market M.

We use Example 1 again to illustrate how a payoff (u,w) € SW\CE can be already
SW-blocked in the two replicated market.

Example 1 (continued). We have already showed that (uq, uz, wi) = (%1, 5,28 ¢ SW\CE.

Hence, by Theorem 1, (1,5, %), (11,5, 2)) ¢ SW?M. To illustrate how it is SW-blocked,
consider any distribution matrix such that 13,11, = 7.5, the coalition C = {b1,, b1,, 51,}, and the
assignment

A1y A2y A Arzn

~ - P IR 1 100
1/4\: A2|11| A21211 A21212 A21212 _ 1 0 0 0
Aty Aty Anpi, Al g g g 8
AZzlll A22111 A22112 A22112
SW-compatible with C. Then,
¢M(C A D) =tn, - Ay e - Ay o - A+ Ty =) - Az,
=4-14+2-1+4-2+(75-4) -1
=175
50
> —=uy +up,+wy.

3
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Hence, C SW-blocks ((%,5, %—8), (%,5, E)). Observe that the expression (I%;11, — r11;) -
Az,11, = (7.5 —4) - 1 shows that one member of the blocking coalition (seller 11) keeps sell-
ing 1 unit of good 1 to buyer 21, who is not a member of the blocking coalition C. O

4.2. Core

Let M = (B,G,S,V,d, R, Q) be a market and let C € BU S be a coalition. Remember
that we denote the subsets of buyers and sellers in C by B¢ =C N B and S¢ =C N S, respec-
tively. The submarket M C is the (natural) restriction of market M to coalition C; namely, M' ¢
is the market (B¢, G¢, 8¢, v€, d€, RC, QC), where G€ = {j € G| there exists k € SC€ such that
gk > 0}, V€ = ij)ijepexge: d° = (@d)iepe. RE = (rj)jaegexse. and QF =
(qjk)(j,k)egcxsc'

Definition 6. A feasible assignment A is Core-compatible with coalition C if A;jx # 0 implies
{i,k} CC.

That is, a feasible assignment A is Core-compatible with C if all members of C interact only
among themselves. Let A be an assignment Core-compatible with coalition C and denote by
AC the feasible assignment for submarket M€, where AC = (Aiji) i, jkyeBC xge xs¢ - When the

reference coalition is clear from the context we often omit the superscript C. Denote by FC the
set of optimal assignments of market M C.ie,

FE={AC e 7BxG=S | ™ (A€) > ™ (AC) for any feasible assignment A€}.
Fix a market M = (B,G,S,V,d, R, Q). To define a cooperative game v with transferable
utility associated to M, let C € BU S be a coalition and set
v(C) =TM°(AC),

where A€ is any optimal assignment of submarket M' C, Namely, v(C) is the maximal total utility
that members of C can guarantee by exchanging their resources only among themselves. Obvi-
ously, v(C) = 0 for all C such that either B¢ = @ or S€ = @, and hence, v(@) = 0. Moreover,
v({i}) =0foralli € Band v({k}) =0 forallk € S.

A pair (1, w) € RB x RS is a (feasible) payoff of market M = (B,G, S, V,d, R, Q) if

D ui+ Y we=v(BUS).

ieB keS

A payoff of market M is a distribution among agents of the total gains from trade at any optimal
assignment of market M.

Definition 7. A payoff (u, w) € RE x RS of market M = (B,G,S,V,d, R, Q) is Core-blocked
by coalition C € BU S if

Z u; + Z wi < v(C).

ieBC keS¢

Definition 8. A payoff (u, w) € RE x RS of market M = (B,G,S,V,d, R, Q) belongs to the
Core if there does not exist a coalition C C BU S such that (1, w) is Core-blocked by C.
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Let Co be the set of payoffs belonging to the Core of market M = (B,G, S, V,d, R, Q). When
we want to emphasize market M we write Co™ . To establish the relationship between the Core
and the set of Set-wise stable payoffs, let (1, w) € R® x RS be a payoff of market M and assume
that coalition C Core-blocks (1, w). Let A€ € FC be arbitrary. Then,

Y ui+ Y we <€) =TY(A°).
ieBC keS¢
Let A be the feasible assignment where, for all (i, j,k) e Bx G x S,

T Alcjk if (i, k) € B¢ x 8¢
k=10 otherwise.

Then, A is a feasible assignment SW-compatible with C and for any distribution matrix I,

Youi+ Y we<¢MC A 1) =T (4C).
ieBC keS¢
Hence, coalition C SW-blocks (u, w). Thus, the Set-wise stable set is a subset of the Core. For
further reference, we state this fact below as Remark 3.

Remark 3. For any market the Set-wise stable set is a subset of the Core.
Thus, we have already showed that the statement of the following corollary holds.’

Corollary 1. For every market M, @ # CE C SW C Co. Moreover, the two inclusions may be
strict.

In Example 1 above we have already showed that the first inclusion may be strict. To show
that the second inclusion may also be strict we return again to Example 1.

Example 1 (continued). Consider the vector (11, u>, wy) = (4.5, 10, 3.5). To see that it belongs
to the Core of M it is enough to check that for any coalition that can obtain strictly positive gains
from trade cannot Core-blocked it. Indeed,

v({bl,bg,sl}) =18=454+104+35=ui +uz +wy,
v({bl,sl}) =8=45+35=u; +wy,
v({bg,sl}) =12<104+3.5=135=uy +w;.

Hence, (4.5, 10, 3.5) € Co. Now, to see that (4.5, 10, 3.5) ¢ SW consider any distribution matrix

I = (gii 11:21 ) By definition, 8 = vo1 > I»11 > r1; = 4. Assume first that 117 = 4. Then,

the optimal assignment A = (; (1)) is itself SW-compatible with C = {bp} and up = 10 < (vp; —
I11) - A1 + (v — I01) - Ao =4 -3+ (vpo — I521) - 0 = 12. Hence, C {bz} SW-blocks
(4.5,10,3.5). Assume now that Ij; > 4. Then, consider the assignment A= (39) which is
SW-compatible with C = {b{, 51} and note that u; +w; =8 < 7111 - Am + (I —7111) - A211 =
4.2+ (13211 —4) -2, where the inequality follows from /%11 > 4. Hence, C = {by, 51} SW-blocks
(4.5,10,3.5). Thus (4.5, 10,3.5) ¢ SW.

7 The same inclusion relationships hold in the time-sharing assignment games considered by Sotomayor [16,17].
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We want to emphasize again, at the light of the example, that the notions of Set-wise stabil-
ity is more natural than Core. When seller 1, as member of the coalition {1, s1} Core-blocks
(4.5, 10, 3.5) has to stop selling 3 units of good one to by, while when {b1, s;} SW-blocks
(4.5, 10, 3.5), s1 can keep selling 2 units of good one to b»,. O

Our second limit result states that, for every market M = (B3,G, S, V,d, R, Q), the sequence
of Cores of the pM markets converges, when p — o0, to the set of competitive equilibrium
payoffs of the replicated market. To state it we need the following lemma saying that the classical
result stating that any payoff vector in the Core of a replicated market assigns the same payoff to
all agents of the same type also holds in this setting.®

Lemmal.Let M = (B,G,S,V,d, R, Q) be a market and let p > 2. Then,

CoPM c{(u”, w?) = ((w, w), .., (u, w))
—_—
p-times

€ (RBI X ]RS‘) X ... X (RBP X ]RS/’) | (u, w) ECOM}.
Proof. See Appendix A. O

With some abuse of the language we will say that a payoff vector (u, w) € R® x RS is in the
Core of the p-replicated market if (u”, w”) € Co”M.

Theorem 2. Let (1, w) € RE x RS be a payoff of market M = (B,G,S,V,d, R, Q). Then, (u, w)
is in the Core of the p-fold replicated market for all p > 1 if and only if (u, w) is a competitive
equilibrium payoff of market M.

Lemma 1 says that for any replica p the payoff vectors in the Core of market pM have
the equal treatment property. Theorem 2 says that the payoff vector that belongs to the Core
of all replicated markets are those obtained by replicating competitive equilibrium payoffs
of the original market. With an abuse of notation, Theorem 2 says that for any market M,
ﬂ;ozl CoPM = CEM . Moreover, the convergence is monotonically decreasing: if (u”, w”) €
CoPM then (uP*!, wPtl) e Co+DM since any coalition blocking (u”, w”) should also block
(up—i-l’ wp—l—l)_

Theorem 2 can be proved by adapting Owen’s [9] proof of the convergence of the Core to the
set of competitive equilibrium payoffs for linear programming games, and therefore we omit it.”

To illustrate the two different blocking notions we return to Example 1.

Example 1 (continued). We have already showed that (uq, up, wy) = (%, 5,8) e SW\CE.
Hence, by Theorem 1, ((13—1, 5, ﬁ), (%1, 5, E)) ¢ SWM We have already illustrated that coali-
tion C = {by,, b1,, s1,} SW-blocks it for a particular distribution matrix I". To illustrate now the
notion of Core in a two-fold replicated market, consider again the coalition C = {by,, b1,, s1,}

8 See Debreu and Scarf [3] and Owen [9] for this equal treatment result in classical economies with production and in
linear production games, respectively.
9 The interested reader can find a detailed proof of Theorem 2 in the authors’ websites.
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that SW-blocks (4,5, %—8), ({—1, 5,8y ¢ SWM | and whose value is v(C) = 16. Since, ui, +
Ui, +wy, = %, C does not Core-blocks ((%,5, ﬁ), (%1,5, ﬁ)). By Theorem 1, and since
(4,5, %—8) ¢ CE we already know that for any distribution matrix one can find a coalition and
a SW-compatible assignment that SW-blocks ((%, 5, E), (13—1, 5, ﬁ)). The fact that this is not

an easy task illustrates the power of Theorem | because to show that (%, 5,8 ¢ CE was very
easy. O

Theorem 3 shows that a result similar to Theorem 1 does not hold for the Core. For each
number p of replicas there exists a market M = (B,G, S, V,d, R, Q) for which the Core of the
p-fold replicated market contains a payoff that is not a competitive equilibrium payoff.

Theorem 3. Let p € 7. \{0}. Then, there exist a market M = (B,G, S, V,d, R, Q) and a payoff
vector (u, w) ¢ CE such that (u”, w”) € CoPM.

Proof. See Appendix A. O
5. Concluding remarks

The convergence of the Core to competitive equilibria is a pervasive phenomenon that holds in
many settings. Our Theorem 2 is a new result along these lines. The convergence in most of these
results is only asymptotic. Owen [9] is one of the few exceptions where the convergence is finite.
Our main contribution, Theorem 1, is that for generalized assignment games the convergence of
Set-wise stable payoffs to competitive equilibria only requires two replica. Since Set-wise sta-
bility is a more appropriate notion in this context, our result suggests that all outcomes that are
robust to coalitional deviations in the sense of Set-wise stability can be obtained as competitive
equilibrium outcomes, even in markets with a small number of agents. Therefore, in relatively
small markets with indivisibilities similar to generalized assignment games (for instance, markets
for intermediate goods), competitive outcomes are those that are immune to secession by sub-
sets of agents, since they will coincide with the of Set-wise stable outcomes. We think that this
result may be important for future research studying markets (or general allocation problems) in
which agents may simultaneously be interacting with other agents in different ways and hence,
the convergence of the Set-wise stable set would be the relevant one to evaluate how robust is
the principle that competitive equilibrium outcomes coincide with the set of outcomes that are
immune to coalitional deviations.

We leave for future research two open problems. First, the analysis of agents’ strategic be-
havior in small markets when agents recognize their market power and consequently they may
not take prices as given. Second, the analysis of an intermediate cooperative notion,'” in which
a member of a blocking coalition can either keep all agreements with a non-member or break all
of them; this set would be a subset of the Core and contain the Set-wise stable set, but we do not
know whether its convergence to competitive equilibria would be like the Core (infinite) or like
Set-wise stability (finite).

10 Sotomayor [17] names it “with rigid agreements” and studies it for a time-sharing assignment game.
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Appendix A. Preliminaries and omitted proofs
We start with some preliminaries. Let M = (B,G, S, V,d, R, Q) be a market and C be a

coalition. Consider the primal linear problem to which any optimal assignment AC e FCisa
solution.

(PLP)C : max > Tijk - Aijk
(A"fk)(i,j,k)echgcxSCeR#B XHGTS (i,j.k)eBC xGC xS¢
st (P1) > Aijx=d; forallieB,
(j,k)eGE xSC€
(P2) > Ak <qj for all (j, k) € G¢ x S€,
ieBC
(P3) Aijx >0 for all (i, j, k) e B x G€ x SC.

The dual linear problem associated to (PLP)C is the following.

(DLP)C min S dieyit Y qpe
(VCJTC)ER#B xR#GY x#S iEBC (j,k)engSC
st. (D) yf+r =n forall (. j.k) e BC x € x S€,
D.2) y£=0 forall i € BC,
(D3) 75>0 for all (j, k) € G¢ x S€.

Let DC be the set of all solutions of the (DLP)C. It is well-known that D€ is non-empty. We
will denote the set DBYS by D and (yBUS, nBUS) by (v, ) € D. Then, it is immediate to check
that the following implication holds.

If (v, 7) € D then () epe. (Tji) (jayege xse) € DE. (A1)

Let M =(B,G,S,V,d, R, Q) be amarket and (y, ) be a vector satisfying (D.1), (D.2), and
(D.3) for C = BUS. We write TD™ (y, ) to denote the value of the objective function of the
(DLP)BYS at (y, 7); that is,

DY (v, 1) =) di-vi+ Y qjk - Tjk-
i jk
The Strong Duality Theorem (SDT) of Linear Programming applied to our setting says the fol-
lowing (see Dantzig [2]).
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Strong Duality Theorem. Let M = (B, G, S, V,d, R, Q) be a market and assume A is a feasible
assignment and (y, ) satisfies (D.1), (D.2), and (D.3) for C=BUS. Then,

AeFand (y,w)e D ifandonlyif TM(A)=TDM(y, 7). (A.2)

Proposition 1. Let p € P be a competitive equilibrium price vector of market M = (B, G, S, V,
d,R, Q). Then, (u(p), w(p)) € SW.

Proof. Let p € P and assume (u(p), w(p)) ¢ SW. Then, for every distribution matrix I" =
(I3jK) i, jkeBxGxs there exists a coalition C C BU S that SW-blocks it. Hence, there exists a
feasible assignment A that is SW-compatible with C such that

Y uwilp)+ Y wi(p) <¢M(C. A, ).

ieBC keS¢

In particular, consider the distribution matrix I" = (I3x) i, jk)eBxGxS Where for each (i, j, k) €
B x G xS, Iijr = pj. Then, there must exist a feasible assignment A that is SW-compatible
with C such that''

Y uip)+ Y wi(p) <¢™(C. A, p). (A.3)
ieBC keS€
Now, define the feasible assignment A as follows: for each (J, J.k)eBxgGxS,

Ajjk =1 7

— 0 if either {i, k} C C or {i, k} C C¢
Ajjr otherwise,

where C¢ is the complement of C_ Define a new market M = (B, S,G, V,d, R, Q), where the
new vector of maximal demands d is defined by setting

di=di— Y A
(j,k)eGxS
for all i € B, and the new matrix of capacities Q is defined by setting
qjk=94jk — Zzijk
ieB

for all (j, k) € G x S. Note that if i € C then, di=d; — Z(j,k)egx(sc)c Xijk and if k € C then,

o~

qjk =qjk — 2icgoy Aijk forall j €g.

By (9),
Suwip)+ > wp) =Y di-vip)+ Y. g mir(p).
ieBC keS¢ ieBC (j.k)eGxSC

and note that

1 gM(C, A, p) is obtained from ¢M (C, A, I') by replacing I x by p; forall (i, j, k) € B x G x .
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Zdi'l/i(l?)=23i')/i(1?)+z< > Zijk)'Vi(P)

ieBC ieBC ieBC (j.k)eGxS
=Y anm+ X (X X &) n
ieBC ieBC “jeG ke(SC)e

and for each j € G,

Z qjk - Tjk(p) = Z qjk - 7jk(p) + Z <Zzijk> -7k (p)

keSC keS¢ keSC “ieB
=3 i mix(p) + Z( > ,,k) k().
keSC€ keSC “ie(BC)e
Hence,
Duwip)+ Y w(p)=Y_ di-vi(p)+ Y (Z > ,,k)-mp)
ieBC keSC€ ieBC ieBC “jeG ke(SC)¢
+ > Gk mi(p)
keSC jeg

+ 2 Z( > uk) -7 jk(p)- (A.4)

keSC jeG “ie(BC)c
By (7), foreveryi e Band j € G,
vi(p) = vij — pj- (A.5)
Moreover, by (8), for every (j, k) € G x S,
7jk(p) = pj —rjk- (A.6)
By (A.3) and (A.4)
Z Tijk - Aijk + Z Wij — pj) - Aji
(i,j,k)eBC xGxSC (i,j,k)eBE xGx(SC)¢
+ Z (pj —1ji) - Aijk

(), k)e(BC)exGxSC

>3 d;- Vz(p)+Z<Z > z]k)')/i(P)

ieBC ieBC “jeG ke(SC)c
+ Y G+ Y Z( > ,,k) T jk(p).- (A7)
keSC jeG keSC jeG “ie(BC)¢e
By (A.S),
z(z 3 ,,k)~yi<p>z S - A
ieBC “jeG ke(SC)c (i, ),k)eBE xGx(SC)¢

Hence, by (A.7),
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Yo At > (pj = riK) - Aiji
(i,j,k)eBE xGxS€ (i, j.k)e(BC) xGxSC

> divip+ Y Y G wi(p)

ieBC keSC jeg
+ 2 Z( > Z,,-k> ~Tjk(p)- (A.8)
keSC jeG “ie(BC)e
By (A.6),
Z Z( Z ;‘\Uk) mik(p) = Z (Pj — 1) - Aijk.
keSC jeG tie(BC)e (i, ], k) e(BCY xGx SC
Hence, by (A.8),
Yoo A= Y divi(p)+ Y Y Gk mik(p). (A.9)
(i, j,k)eBCxGxSC€ ieBC keSC jeG
Observe that since A is a feasible assignment,
() = Z Tijk + Aijk,
(i,j,k)eBCxGxSC€

where vM(C) = TM(AC) for any optimal assignment AC of market M. Since (y(p),m(p))e D
then by (A.1), (yc(p), nc(p)) € D€ for market M. Hence, by the Strong Duality Theorem,

Yodiovip)+ Y. D djk-mi(p) =v"(0),
ieBC keSC€ jeg
contradicting (A.9). O

Lemmas 1 to 6 below will be used to prove Theorem 1.

Lemmal. Let M = (B,G,S,V,d, R, Q) be a market and let p > 2. Then

CoPM c{(u”, w?) = ((w, w), ..., (u, w))
—_—
p-times

€ (RBI X Rsl) X ... X (RBP X RS”) | (u, w) ECOM}.

Proof. Let ((u;,, ...,it\,'p)ie[g, (Wiys vees @kp)keg) €Co”M Foreverya =1, ..., p,
Z ’u\ia + Z @ka > v(By USy)
iw€By ko €Sy

must hold; otherwise, any coalition C = B, U S, would Core-block (iz, w). Since for every a =
1,..,0,v(ByUSy) =v(BUS),

W, + Y Wi, =v(BUS) (A.10)
iveBy ko €Sy
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must hold for every o =1, ..., p. Let A be an optimal assignment for market M. Define the
assignment A” for market p M as follows. For any (i, j, kg) € (B1U...UB,) x G x (51U...US,)
set

p _ A,‘jk ifa= ﬂ
iajkg — 1 0 otherwise.
Then, it is easy to show that A” is an optimal assignment for market pM and T*M(AP) =
pTM(A). Since, by its definition, v(BUS) = TM (A), (A.10) implies
P
Z( T+ Y @ka) > pu(BUS) = pTM (A) =T"M (AF).
a=1 ‘iyeB, ko €Sy
Hence, since A” is an optimal assignment for market p M,

(T X i) =1 )

a=1 YiyeB, ko €Sy
Thus,

o
Z( Do di A+ Y, I/Eko,) = pv(BUS).

a=1 ‘iyeB, ko €Sy

By (A.10),
> i, + Y Wy, =vBUS)

iaeBo, th ESO[
must hold for every « = 1, ..., p. Assume that there exists a buyer type i € B and two replicas «
and «’ such that

u;, > U,
Then, the coalition C = [(B, U Sy)\{ix}]1 U {iy} Core-blocks (&, w) because

v@) =vBUS)> Y @, +i, + Y i,

i €Bo\{la} ko €Sy

Similarly for any seller type % € S. Thus, (@i, oes Uiy)ieBs Wiy s oo, Wiy kes) = P, w?) for
some payoff vector (1, w) € RE x RS of market M. To obtain a contradiction, assume that

(u, w) ¢ Co™. Then, there exists a coalition C that Core-blocks (u, w). But then, C also Core-
blocks (i, W), a contradiction with (iZ, W) € Co®™. 0O

Lemma 2. Let M = (B,G,S,V,d, R, Q) be a market and let p > 2. Then
SWPM < {(u'o, wp) = ((u, w), ..., (u, w))
—_—————

p-times

€ (RBI X ]Rsl) X .. X (RBP X ]RSP) ‘ (u, w) ESWM}.

Proof. Let (it, W) = (i, ... Wy, )ieBs (W, , . Wk, kes) € SWPM. First, observe that for all

a=1,..,p, (W,)ieB Wi, kes) € SWM. By Remark 3, ((;,)ieB, (Wi, )kes) € CoM. By
Lemma 1, forall e, &’ =1, ..., p, u;, =1u; , forall i € B and wy, =y, forallk e S. O
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Lemma 3. Let M = (B,G,S,V,d, R, Q) be a market and let (u, w) € SW. Then, there exists
a distribution matrix I' = (I ji) i, j k)eBxGx S Such that for any optimal assignment A, and for
everyi e Bandk € S,

up = Z (ij — Tijk) - Aijk
(J,keGxS
and
Wy = Z (Fiji — rjx) - Aijk-
(i,j)eBxG
Proof. Assume (u, w) € SW. By the definition of set-wise stability, there exists a distribution

matrix I" = (1), j.k)eBxGxS such that for any coalition C C BU S and any feasible assign-
ment A that is SW-compatible with C, we have that

dui+ > wiz=¢MC AT (A.11)
ieBC keSC

Let A be any optimal assignment and consider either C = {i} or C = {k}. Observe that A itself is
SW-compatible with C. Then, by (A.11),

u; = Z (v,-j — F,'jk) . A,‘jk for every i € B

(j.k)eGxS
and
wy > Z (Ijk —rjx) - Ajjx  foreveryk e S.
(i,j)eBxG
Since
Z Z (ij — Iijk) - Aijk + Z Z (Fijk — rjk) - Aijk
ieB (j,k)eGxS keS (i,j)eBxG
= Z Tijk - Aijk = TY (A)
(i,j.k)eBxGxS
and

TMA) =) ui+ Y,

ieB keS
the statement of Lemma 3 follows. O

Lemma 4. Let M = (B,G,S,V,d,R,Q) be a market. Let (u,w) € SW and I' =
(3K, j.keBxGxs be a distribution matrix such that for any coalition C C BU S and any
feasible assignment A that is SW-compatible with C, we have that

douit ) we=¢MC AT (A.12)
ieBC keS¢

Let A be an optimal assignment for market M and leti’,i”, j', k', k" be such thati’ #i", k' # k"
and Ai/j/k/ 75 O 7& Ai//j/k//, Then, I—}/j/k/ = E’,j/k”'
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Proof. Assume otherwise; for instance, I3/ > Ijnjigr. If Tjn jigr > Ty jrje, then replace in the
argument that follows the roles of i’ by i” and k” by k’. Consider the coalition C = {i’, k”}. From
A we define the assignment A SW-compatible with C by decreasing in 1 unit the exchanges
between i’ and k” and between i” and k" and by simultaneously increasing in 1 unit the exchange
between i’ and k”. Namely, for every (i, j, k) € B x G x S, define

Aijk—1 ifi=i', j=j andk =k

A= Ajjr — 1 ifi=i", j=j andk =k"
UEZ Y A+ 1 ifi=i', j=j andk =k"
Ajjk otherwise.

Observe that since by assumption A;/jyr # 0 # A jrr, i # 0”7, and k' # k", A is a feasible
assignment. Moreover, A is SW-compatible with C = {i’, k”}. Define
= Z (irj — Livjr) - A jx
(j,k)eGxS
and
wk” = Z (Fijk” — ]"jk//) . Aijk”'
(i,))eBxG

By Lemma 3 and the definition of A, ,

i+ wpr — @y + W) = irjr — L) - Airjre + irjr — Ty jien) - Ay jrier
+ (L jrer = rjier) - Airjrier + (i jrier = v jrign) = A jrier
— iy = Ty i) - Ay e — iy = T ) - Ay i
— (L joer = rjir) - Agrjor — (T joior = 1) - A joir
= (virjr — Ty je) — irjr — T jrer)
— Ty jrer — rjrier) + Ly jrger — 1jrier)
=—Tyjw + Livjir.

Since by assumption Iy jix > Ijnjr, we have that uj + wyr < Uy + Wy, a contradiction with
(A.12). O

Lemma 5. Let M = (B,G,S,V,d, R, Q) be a market and let ((u, w), (u, w)) € SWM  Then,
there exists a competitive equilibrium price p = (p1, ..., pg), with p; > min{rji | k € S such
that qj; > 0} for all j € G, such that for any coalition C C BU S and any feasible assignment A
that is SW-compatible with C, we have that:

dui+ > we=¢M(C.A p).

ieBC keS¢

Proof. Assume that ((u, w), (u, w)) € SW*M . Then, there exists a distribution matrix I" =
(I3jK) i, j,k)eB1UBy xGx $US, such that for any a coalition C C By UB; US1 US;, and any feasible
assignment A that is SW-compatible with C, we have that

Y ui+ > wi, =M (C. A T). (A.13)

igeC kgeC
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To proceed with the proof we define a price vector p = (p;) jeg € Rf as follows. Consider first
any j € G for which there exist i € B and k € S such that A;j; # 0 for some optimal assignment
A for market M. Then, define p; = I, jz,. Second, for any j € G such that for all optimal
assignments A for market M and alli € Band k € S, A;j; =0, define p; = minfrj; | k € S is
such that g jx > 0}.

We will show that p is well-defined. Let A € F be any optimal assignment of market M such
that A;jx # 0 # Ay for some i,i’ € B, j' € G and k, k' € S, where i and i’, as well as k
and k', may be the same agent. We have to show that I, ji, = I’iij/ki. By applying Lemma 4
twice, I3, jiy = Tipjik, = I’iij/ki. Thus, p is well defined.

Observe that for any optimal assignment A of market M, the price vector p = (py, ..., pG)
satisfies that for every coalition C C BUS and every feasible assignment Athatis S W-compatible
with C we have that:

Y uit+ Y we=¢M(C A p). (A.14)
ieBC keS¢

We shall show that (p, A) is a competitive equilibrium of M by showing that the equilibrium
conditions (E.D) and (E.S) are satisfied.

(E.D) For each buyer i € B, A(i) € D;(p).
Since A € F, (D.a) and (D.b) hold.
D.o): V7 (p) #D = ij A(i) jx =d;.
Assume V7 (p) # 0; i.e., there exists j' € G such that vy — pjr =maxeg{vyr; — p;} > 0.

Assume that

> Aij < dy. (A.15)
Jjk

Without loss of generality suppose that i’ belongs to the first replica; i.e., i’ = i;. Consider first
the case where there are ip € By and k, € S with the property that A;, j'ky 7 0. Consider the
coalition C = {i1, k2} and its SW-compatible assignment A where, for all (i, j,k) e Bx G x S,

Ajjr+1 ifi=iy,j=j andk=k;
Aijk= A,’jk—l ifi=i2,j=j/andk=k2
Ajjk otherwise.

By (A.15) and A;, jri, # 0, A is a feasible assignment and SW-compatible with coglition {i1, ka}.
Then, define ;, and @g as the payoffs of buyer i1 and seller k, at assignment A, respectively.
Then, by definition of A,
Uuj + Wk, — (7';11 + @kz) = (Uilj’ - 1—‘1'1]'/1(2) . Ai]j/kz

+ Ly jiks = Tjka) - Ay iy + Ty jrky = Tjrks) - Ay iy

= ijr = T ja) - A\ilj’kz

— (L jiky = Tjka) - Ay jrky — Uy jrky = Tjrky) - Ay ko

= =iy = iy i) = Ty jrky = Tjrky) + Uiy jrky, = Fjrky)

==V 1 + Ly jky.
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By Lemma 4 and the definition of p}, Ly, = Ty jigy = pjr and A, ji, = Ajjrky # 0. By
(A.14),0 > v;, j» — pj, which is a contradiction with j e Vl.T (p).

Assume now that for all i” € B; U B, and all k" € S| U Sy, Ajr jir = 0. By definition, pj =
min{r/ | k is such that g j > 0}. Let k* € S U SzAbe such that g j/+ > 0. Consider the coalition
C = {i1, k*} and its SW-compatible assignment A where, for all (i, j, k) € (B; U ) x G x
(S1US)

-~ Aijk+1 ifi=iy, j=j and k =k*
ijk otherwise.
By (A.15) and g« > 0, A is a feasible assignment. Then, as before,
uiy + wir — W, + Wer) =y, jr — Tiy jraes) - Agy jries + (T jries — Tjries) = Ay jries
= iy jr = Ty jraee) - Ay e — (g jraee — Fjrgs) = Ay jriee
== jr — Ly juer) — (T jries — Fjirgs)
= -V + Firks.
By (A.14), vj, j <1+ for every i1, which implies that v;, j» < p - contradicting that j" € V;” (p).
D.d): Y, A jk > 0= j € VZ(p).

Assume otherwise; i.e., there exist i’, j’, k" such that Ay jr # 0 and j' ¢ Vl? (p). We distin-
guish between the following two cases.

Case 1: vy j» — pj» < 0. Consider the coalition C = {i’} and its compatible assignment A where
- 0 ifi=i'",j=j andk =k
k= A ik otherwise.

Define 7y as the utility of buyer i’ at assignment A. Then, it is immediate to see that u; < iy,
contradicting (A.14).

Case 2: There exists j” € Vt?( p) such that
(vjrjr — pjn) > (vprjr — pjr) = 0. (A.16)

Note that A/ jir 7 0. Assume first that there exist i” € B and k” € S such that A jrr # 0.
Consider now the market 2M, (i, li) € By x 8y, (i”, k") € By x 8y, the coalition C = {i’, k'}
and its SW-compatible assignment A where, for all (i, j,k) e BiUB, x G x S1 US>,

Ak —1 ifi=i,j=j andk=FK

-~ Ajjr—1 ifi =i"”, j=j"andk =k"
Aijk= A'Q' 1 ifi=i" i=i"andk=Fk"
ijk+ Hi=1,j=j"and k=
Ajjk otherwise.

Then, define 7 and Wy~ as the payoffs of buyer i’ and seller k" at assignment A, respectively.
Then, by definition of X,

u; + Wy — (ﬁi/ + @k//) = (Ui/j/ — n/j/k/) . Ai/j/k/ + (Ul-/j// —_ ]—'i/j//k//) . Al-/j//k//
—+ (Fi’j”k” — Vj//k//) . Ai’j”k” —+ (n//j//k// —_ }"j//k//) . Ai”j”k”
—_ (Ul-/j/ —_ ]—'i/j/k/) . Ai/jrk/ —_ (Ui/j// —_ [‘l-/j//k//) . Ai/j//k//
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— (n/j//k// — rj//k//) . Ai’j//k” — (Fi”j”k” — rj//k//) . Ai//j//k//
= (Ui/j/ — Fi’j’k’) — (‘Ui/j// bl n/j//k//) — (E/jr/k// — rj//k//)
+ (n//j//k// —_ }"j//k//)
= Ul-/j/ — I_'i/j/k/ — Ui/j// + E/j//k// — I_'i/j//k// =+ rj//k//
+ n//j//k// — rj//k//
= vl-/j/ — E’j’k/ — (‘Ui/j// — E//j//k//),
By the definition of p; and p;», I} js = pj» and I jmr = pjn, and by (A.16), u;r + wyr —
(i + wyr) = vy — pjr — virjr + pjr < 0, a contradiction with (A.14). Assume now that for
alli” e BjUByand all k" e S U S,, Ajr jnr = 0. Let k* € S; U S, be such that qjrex > 0. By
(1), such k* does exist. Consider the coalition C = {i’, k*} and its SW-compatible assignment A
where, for all (i, j,k) e Bx G x S,
A,’jk—l ifi:i’,j:j/andk:k’
A,’jkz 1 ifi:i’,j:j”andk:k*
Ajjk otherwise.
Then, proceeding as before, define i, and wy+ as the payoffs of buyer i’ and seller k* at assign-
ment A, , respectively. Then, by definition of X,

wpy + wier — @y + Wier) = Wyrjr — L) - Avrjre — irjr — T joe) - Ao
— (irjr = Tirjriee) - A e — (T jrge = T ) = A e
= (virjr = Ty jrer) = irjr = Ly jriee) = (D jrges = 7 jrgs)
=vjrjr — Ly jrr — irjr — 1 jrie).

By the definition of pj/, I}/ i = pjr. By (A.14), vy jy — pjr > vjrjn — r jni= for every k*. Because
pj = ming(r i), we have that v/ jy — p;» > vy j» — p;», a contradiction with (A.16).

(E.S) For each good j € G and each seller k € S, ) ; Ajjx € Sjx(p)).

Fix j€ G and k' € S. Assume first that pj» < r;. We want to show that }; A;j = 0,
Suppose that A;sj;i # 0. Consider the coalition C = {k'} and its SW-compatible assignment A
where, for every (i, j,k) e Bx G x S,

T 0 ifi =i’,j=j andk =k
ijk = Ajji  otherwise.

Define wy as the utility of seller &’ at assignment A. Then, it is immediate to see that wy < Wy,
contradicting (A.14).

Assume now that pj = rj. We want to show that 0 < >, A;jv < gjxr. But this holds
because A is a feasible assignment.

Finally, assume that pj» > rj;. We want to show that ) ; A;jir = q . Assume ) ; Ajjip <
g« - Hence,

qj > 0. (A.17)

Consider first the case where there exist i’ e BiUBy and k' e S U S, such that Ay # 0.
Consider now the coalition C = {i’, K’} and its SW-compatible assignment A where, for all
i, j,kyeBxGxS,
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Aju—1 ifi=i,j=j andk=k"
Ajjk =1 Aijk+1 ifi=i',j=j andk=k
Aijk otherwise.

Then, define 7 and Wy as the payoffs of buyer i’ and seller k" at assignment A, respectively.
Then, by definition of A R

uir +wy — @y + W) = (jrjr — L jr) - Aprjrier + e jr = T joer) - Ay jrie
+ T je —rjwe) - Airjre
— iy = Tvjer) - Ay juor — irjr = Tyrjae) - A e
— (T j = rje) - Ajrie
= (virjy — Tirjrer) — (irjr = T jre) — (D jrir = 7o)
=—Lyjr +rji.
By definition of pj, I}/ j» = pj» and by assumption pjr > rj, uy + wp — (U + W) <0
contradicts (A.14). Assume now that for all i’ € By U B and all X" € S§; U Sy, Ajrjir = 0.
By definition, pj» = min{r | k is such that g > 0}. Let k* € §; U S; be such that g+ > 0

and pj =7y« By (1), such k* does exist. By (A.17) and the definition of pj/, pj» <rjp, a
contradiction with the initial assumption that p;» > rjp. O

Lemma 6. Let M = (B,G,S,V,d, R, Q) be a market and let (u, w) € RE x RS be such that
there exists a competitive equilibrium price vector p such that for every coalition CcBUS and
any feasible assignment A SW-compatible with C we have that

dui+ > we=¢M(C.A p).
ieBC keS¢
Then, (u, w) € CE.

Proof. Let (u, w) € R? x RS be a payoff of market M satisfying the hypothesis of Lemma 6
and let A be any optimal assignment of market M. Consider first any coalition C = {i}, where
i € B. Observe that A is itself SW-compatible with C. Then, by assumption,

wi= Y (ij—pj)- Ak (A.18)
(j.k)eGxS

Consider now any coalition C = {k}, where k € S. Observe that again A is itself SW-compat-
ible with C. Then, by assumption,

we= Y (pj—rk) - Aijk (A.19)
(i,/)eBxgG
Then,
Zui+Zwk=v(BU$)= Z Tijk'Aijk-
ieB keS (i,j,k)eBxGxS

By definition of the per unit gains t; j,

Z Tijk'AiijZ Z (Uij_Pj)'Aijk+Z Z (pj = rjK) - Aijk-

(i,j,k)eBxGxS ieB (j,k)eGxS keS (i,j)eBxG
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Hence, (A.18) and (A.19) imply that for every i e Band k € S,

uip = Z (ij = pj) - Aijk
(j.k)eGxS

Wi = Z (pj —rjK) - Aijk,
(i.))eBxg

and consequently, by Lemma 6 in Jaume, Massd, and Neme [5], forevery i € Band k € S,

ui=d;-yi(p) =20
wi = Zij -mk(p) = 0.
j€g
Thus, (¢, w) = u(p), w(p)) and by (10), (u, w) € CE. O

Theorem 1. Let (u, w), (i, w) € Rf X Ri be two payoff vectors of market M = (B,G,S,V,d,
R, Q). Then,

((u,w),(ﬁ,ﬁ)))ESW2M ifand only if (u,w) = (u, w) € CE.

Proof. Let ((u, w), (u, w)) € SWHM. By Lemma 2, (4, w) = (&, w). By Lemma 5, there exists
a competitive equilibrium price vector p = (p1, ..., pg), with p; > min{rj; | k € S such that
gjx > 0} for all j € G, such that for any coalition C C BU S, and any feasible assignment A that
is SW-compatible with C, we have that:

dui+ > we=¢M(C.A p).
ieBC keS¢
By Lemma 6, (4, w) € CEM.
Assume now that (u, w) € CE. Then, ((u, w), (u, w)) € CEM. By Proposition 1, ((u, w),
(u,w)) e SWM. O

Theorem 3. Let p € Z.\{0}. Then, there exist a market M = (B,G,S,V,d, R, Q) and a payoff
vector (u, w) ¢ CE such that (u?, w”) € CoPM.

Proof. Fix p € Z,\{0}. Define M = (5,G,S,V,d, R, Q) as follows: B = {b(}, S = {51, 52},
G={g1},vii=1,r1=r2=0,d =4p — 1 and q11 = q12 = 2p. It is easy to see that
since the short side of the market is the demand, the unique competitive equilibrium price is
p1 =0 and CE = {(4p — 1,0,0)}. Consider the payoff vector (4p — 3,1,1) ¢ CE. We show
that ((4p — 3)”, (1, 1)?) € Co®M . Let C be a coalition in market p M with #(ngl Bg) =B and
#(Jl_, S$) = 0. Thus,

B<p and o <2p. (A.20)

The value of coalition C is

pap—1) if2f<o

v(@) = { 2p0 if28 >0 (A.2D)

and
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Y ui+ Y we=pép—3) +o. (A.22)
ieBC keS¢

We want to show that for all 8 and o satisfying (A.20),
Z ui + Z wi > v(C). (A.23)
ieBC keS¢

Assume first that C is such that 28 < . Then, by (A.21) and (A.22), (A.23) holds if and only
if B(4p —3) + o0 > B(4p — 1) holds, which follows from 28 <o.

Assume now that C is such that 28 > o. Then, by (A.21) and (A.22), (A.23) holds if and only
if B(4p — 3) + o > 2po holds. Thus, to show that (A.23) holds is equivalent to show that

Bép—3)>02p—1) (A.24)

holds. By (A.20), the most unfavorable case for which (A.24) holds is when o is larger; i.e.,
o =2y — 1. Hence, (A.24) follows if 8(4p —3) > (28 — 1)(2p — 1). But this last inequality can
be written as

4Bp =38 =4Bp -2 —2p+1,
which holds because B <pand p > 1 imply2p — 1> 8. O

References

[1] E. Camifia, A generalized assignment game, Math. Soc. Sci. 52 (2006) 152-161.
[2] G. Dantzig, Linear Programming and Extensions, Princeton University Press, Princeton, 1963.
[3] G. Debreu, H. Scarf, A limit theorem on the Core of an economy, Int. Econ. Rev. 4 (1963) 235-246.
[4] EY. Edgeworth, Mathematical Psychics, Kegan Paul, London, 1881.
[5] D. Jaume, J. Mass6, A. Neme, The multi-partners assignment game with heterogeneous sales and multi-unit de-
mands: competitive equilibria, Math. Methods Operations Res. 76 (2012) 161-187.
[6] M. Kaneko, M. Wooders, Cores of partitioning games, Math. Soc. Sci. 3 (1982) 313-327.
[7] B. Klaus, M. Walzl, Stable many-to-many matchings with contracts, J. Math. Econ. 45 (2009) 422-434.
[8] P. Milgrom, Assignment messages and exchanges, Amer. Econ. J., Microecon. 1 (2009) 95-113.
[9] G. Owen, On the core of linear production games, Math. Program. 9 (1975) 358-370.
[10] A. Roth, M. Sotomayor, Two-Sided Matching: A Study in Game-Theoretical Modeling and Analysis, Econometric
Society Monograph, vol. 18, Cambridge University Press, Cambridge, 1990.
[11] L.S. Shapley, M. Shubik, The assignment game I: the core, Int. J. Game Theory 1 (1972) 111-130.
[12] M. Sotomayor, The multiple partners game, in: M. Majumdar (Ed.), Equilibrium and Dynamics: Essays in Honor
to David Gale, Macmillian, 1992, pp. 322-336.
[13] M. Sotomayor, The lattice structure of the set of stable outcomes of the multiple partners assignment game, Int. J.
Game Theory 28 (1999) 567-583.
[14] M. Sotomayor, Three remarks on the many-to-many stable matching problem, Math. Soc. Sci. 38 (1999) 55-70.
[15] M. Sotomayor, Connecting the cooperative and competitive structures of the multiple-partners assignment game,
J. Econ. Theory 134 (2007) 155-174.
[16] M. Sotomayor, Correlating new cooperative and competitive concepts in the time-sharing assignment game, Mimeo,
2009.
[17] M. Sotomayor, Correlating the competitive and cooperative structures of the time-sharing assignment game under
rigid agreements, Mimeo, 2011.
[18] M. Wooders, The epsilon core of a large replica game, J. Math. Econ. 11 (1983) 277-300.
[19] M. Wooders, Equivalence of games and markets, Econometrica 62 (1994) 1141-1160.
[20] M. Wooders, Cores of many-player games; nonemptiness and equal treatment, Rev. Econ. Design 14 (2010)
131-162.


http://refhub.elsevier.com/S0022-0531(14)00137-9/bib43s1
http://refhub.elsevier.com/S0022-0531(14)00137-9/bib44616Es1
http://refhub.elsevier.com/S0022-0531(14)00137-9/bib44656272657553636172664945523633s1
http://refhub.elsevier.com/S0022-0531(14)00137-9/bib45646765776F72746831383831s1
http://refhub.elsevier.com/S0022-0531(14)00137-9/bib4A4D4E3039s1
http://refhub.elsevier.com/S0022-0531(14)00137-9/bib4A4D4E3039s1
http://refhub.elsevier.com/S0022-0531(14)00137-9/bib4B61576F3832s1
http://refhub.elsevier.com/S0022-0531(14)00137-9/bib4B6C6175733039s1
http://refhub.elsevier.com/S0022-0531(14)00137-9/bib4D696C67726F6D3039s1
http://refhub.elsevier.com/S0022-0531(14)00137-9/bib4F77656E31393735s1
http://refhub.elsevier.com/S0022-0531(14)00137-9/bib5231s1
http://refhub.elsevier.com/S0022-0531(14)00137-9/bib5231s1
http://refhub.elsevier.com/S0022-0531(14)00137-9/bib5353s1
http://refhub.elsevier.com/S0022-0531(14)00137-9/bib533932s1
http://refhub.elsevier.com/S0022-0531(14)00137-9/bib533932s1
http://refhub.elsevier.com/S0022-0531(14)00137-9/bib53393961s1
http://refhub.elsevier.com/S0022-0531(14)00137-9/bib53393961s1
http://refhub.elsevier.com/S0022-0531(14)00137-9/bib53393962s1
http://refhub.elsevier.com/S0022-0531(14)00137-9/bib533037s1
http://refhub.elsevier.com/S0022-0531(14)00137-9/bib533037s1
http://refhub.elsevier.com/S0022-0531(14)00137-9/bib576F3833s1
http://refhub.elsevier.com/S0022-0531(14)00137-9/bib576F3934s1
http://refhub.elsevier.com/S0022-0531(14)00137-9/bib576F3039s1
http://refhub.elsevier.com/S0022-0531(14)00137-9/bib576F3039s1

	On cooperative solutions of a generalized assignment game: Limit theorems to the set of competitive equilibria
	1 Introduction
	2 Preliminaries
	3 Competitive equilibrium
	3.1 Deﬁnitions and preliminaries
	3.2 The set of competitive equilibrium payoffs

	4 Cooperative solutions
	4.1 Set-wise stability
	4.2 Core

	5 Concluding remarks
	Acknowledgments
	AppendixA Preliminaries and omitted proofs
	References


